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Abstract. Let A be a complex space and H a positive homo- 
geneous plurisubharmonic function H on X x C m . Consider the 
Hartogs-type domain £Ih(X) := {(z,w) E X x C m : H(z,w) < 1}. 
Let S be an analytic subset of X. We give necessary and suffi- 
cient conditions for hyperbolicity and tautness modulo S x C™ 1 of 
Qh(X), with the obvious corollaries for the special case of Hartogs 
domains. 



1. Introduction 

Let X be a complex space and if : X — > [—00, 00) be an upper- 
semicontinuous function on X. The Hartogs domain 

%(X) := {(x, z) G X x C : \z\ < e~^ x) } 

is a classical object in Several Complex Variables. In particular, in the 
past ten years, much attention has been given to the properties of Har- 
togs domains from the viewpoint of hyperbolic complex analysis. For 
instance, in the authors obtained necessary and sufficient condi- 
tions for the hyperbolicity and the tautness of Q^X). We refer readers 
to the articles [10], [2], and references therein for the development of 
related subjects. 

More generally if H : XxC m — > [—00, 00) is an upper semicontinuous 
function such that H(z,w) > 0, H(z, Xw) = \X\H(z, w), X G C, z G 
X,w G C m , we put 

Q H (X) := {{z,w) G X x C m : H(z,w) < 1} 

and call it a Hartogs type domain [12]. Hartogs domains correspond to 
the special case m— 1 and H(z,w) = \w\e^ z \ 
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Motivated by studying hyperbolicity and tautness modulo an ana- 
lytic subset of complex spaces, the main goal of this article is to give 
necessary and sufficient conditions on hyperbolicity or tautness modulo 
a "vertical" analytic subset of the Hartogs domains Q^,(X). The results 
are given in Section [2j but first we recall some basic notions. 

Definition 1.1. (see [TJ p. 68]) Let X be a complex space and S be 
an analytic subset of X. We say that X is hyperbolic modulo S if for 
every pair of distinct points p,q of X we have dx(p, q) > unless both 
are contained in S, where dx is the Kobayashi pseudodistance of X. 

If S = 0, then X is said to be hyperbolic. 

Definition 1.2. (see [TJ p.240]^ Let X be a complex space and S be 
an analytic subset in X. We say that X is taut modulo S if it is 
normal modulo S, i.e., for every sequence {f n } in Hol(V>,X) one of 
the following holds: 

i. There exists a subsequence of {f n } which converges uniformly 
to f e Hol(B,X) in Hol(D,X); 

ii. The sequence {/„} is compactly divergent modulo S in Hoi (3, X), 
i.e., for each compact set K C D and each compact set L C 
X \ S, there exists an integer N such that f n (K) D L = for 
all n>N. 

If S = 0, then X is said to be taut. It is immediate from the definition 
that if S C S' C X and X is taut modulo S, then it is taut modulo 
S', so in particular if X is taut, it is taut modulo S for any analytic 
subset S. 

Of course, the converse does not hold. 

Example 1.3. Let X = {(z,w) E C 2 \\z\ < l,\zw\ < 1} and S : = 
{0} x C. Then 

(i) X is not hyperbolic, but X is hyperbolic modulo S. 

(ii) X is not taut, but X is taut modulo S. 

(iii) X \ S is taut (thus hyperbolic). 

We could have X \ S being taut without X being taut modulo S: 
for instance, C \ {0, 1} is taut, but C is not taut modulo {0, 1}. 

On the other hand, there are examples of domains taut modulo S 
such that X \ S is not taut: just take X a taut domain and S such that 
the codimension of S is at least 2. Then X \ S is not pseudoconvex, 
therefore not taut. 

Proof of Example 11.31 Since the complex line S is contained in X, it 
cannot be hyperbolic, thus isn't taut either. On the other hand, X\S 
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is biholomorphic to (D \ {0}) x © under the map (z, w) h-> (z, zw), and 
the latter is clearly taut, which proves (hi). 

Now suppose (z ,Wo) 7^ (zi,Wi) G X, with at least one of them 
not in S. If z ^ z u then d x ((z ,w ), (z l ,w 1 )) > d-n(z ,Zi) > 0; if 
Zq — Zi, then z ^ 0. Given any finite set of points of X, (( k , i] k ) which 
connect (z ,wo) to (zi,wi) via consecutive analytic disks, either there 
is some k such that \(k\ < kol/2 and then the corresponding sum will 
contribute at least d®(zo, Zq/2), or there is not, and then all points are in 
X H {\z\ > \zq\/2} C {\z \/2 < \z\ < 1, \w\ < 2/\zo\} := P and the sum 
will be bounded below by dp ((z , w ), (zi, Wi)) > j^d^,(wo,Wi) > 0. 
So X is hyperbolic modulo S. 

Proof of (ii). Assume that {f n } C Hol(D,X) is not compactly diver- 
gent modulo S. Write /„ = (g n , h n ) with g n , h n G Hol(D, C) satisfying 
|^n(^)| < 1, \g n (z)h n (z)\ < 1 for all z G D and for n — 1,2, • • • Since 
{f n } is not compactly divergent modulo S, {g n } is not compactly di- 
vergent modulo {0}. Therefore, by Montel's theorem we may assume, 
without loss of generality, that {g n } converges uniformly on every com- 
pact subset of D to a holomorphic function g G Hol(B>, D), not identi- 
cally zero. Since {g n h n } is not compactly divergent on © and since D is 
taut, taking a subsequence we may assume that {g n h n } also converges 
uniformly on every compact subset of D to a holomorphic function 
7 G Hol(3,C). Hence {h n } converges uniformly on every compact 
subset of D to a meromorphic function := 7/g on D. Moreover, by 
Hurwitz's theorem h is actually holomorphic on D and thus {/„} con- 
verges uniformly on every compact subset of D to a holomorphic map 
/ := (g,h) G Hol(D,X). 

We now prove that / G Hol(B,X). Since g G Hol(B,B), it suffices 
to show that \g(z)h(z)\ < 1 for all z G D. Indeed, suppose not. Then 
there is ^ G D such that ^(^M-^o)! = 1- By the maximum principle, 
gh is a constant function. Therefore, \g(z)h(z)\ = 1 for every z G D. 
This is not possible because {g n h n } C Hoi (3, ED) is not compactly 
divergent. Thus, the proof is complete. □ 



2. Main Results 

We denote S:=Sx C m . Recall that F:IxC m 4 [-00, 00) is 
an upper semicontinuous function such that H(z,w) > 0, H(z, Xw) = 
\X\H(z,w),X G C,z G X,w G C m . 

Theorem 2.1. Lei X be a complex space and S be an analytic subset in 
X. Then Qh(X) is hyperbolic modulo S if and only if X is hyperbolic 
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modulo S and the function H satisfies the following condition: 
If {zk}k>i C X \ S with lim z k = z G X \ S 

k— >oo 

and {wk}k>i C C m with lim = Wq ^ 0, then liminf H(zk,Wk) 7^ 0. 

k— >oo k— >oo 

( 

The proof is given in Section [3j 

Corollary 2.2. Let X be a complex space, S an analytic subset in X , 
ip : X — > [— oo, oo) an upper- semicontinuous function on X . Then 
the Hartogs domain f2 v (X) is hyperbolic modulo S if and only if X is 
hyperbolic modulo S and if is locally bounded (below) on X \ S . 

The situation for tautness is a bit more complicated, at least in the 
case of complex spaces. 

Theorem 2.3. Let X be a complex space and S be an analytic subset 
in X . Then 

i. IfQfj{X) is taut modulo S , then X is taut modulo S and log if 
is continuous plurisubharmonic on X \ S x C m . 

ii. If furthermore X is a complex manifold and S a (proper) an- 
alytic subset, then in addition log if is plurisubharmonic on 
X x C m . 

iii. Conversely, if X is taut modulo S, H is continuous on X\SxC m 
and log H is plurisubharmonic on X x C m , then Qh(X) is taut 
modulo S. 

The proof is given in Section HI 

As above, an immediate corollary is obtained for Hartogs domains 
by observing that H(z,w) := |u;|e </3(2 - ) is continuous if and only if (p is, 
and log H is plurisubharmonic if and only if if is. 

Implication (ii) cannot hold as stated for the general case of a com- 
plex space, as the following shows. 

Example 2.4. Let X := {(z u z 2 ) E C 2 : z x z 2 = 0}, S := {(z u z 2 ) G 
C 2 : z 2 = 0}, (p(zi, z 2 ) := log|z 2 |. Then fl^X) is taut modulo S, but 
V £PSH{X). 

Proof Since <p is identically — oo on an open set, it can't be plurisubhar- 
monic. If a sequence (F n ) C Hol(D, Q V (X)) is not compactly divergent 
modulo S, it is easy to see that F n (D) C {(z, w) G Q^(X) : z\ = 0}. 
But then if F n = (0,g n ,h n ), its convergence is equivalent to that of 
(gn,h n ) C Hol(p, ^^(C)), where tpo(z 2 ) = log | ^2 1 - We know that 
(g n , h n ) is not compactly divergent modulo {0}, and Theorem 12 . 31 shows 
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that f2 Vo (C) is taut modulo {0}, so a subsequence must converge on 
compacta. □ 

Note that in this case X is not irreducible and S is a whole com- 
ponent. We don't know what happens if we rule out this degenerate 
situation. 

3. HYPERBOLICITY 

Recall that the Lempert function is defined as £n(a, b) = inf {p(0, A) : 
3(p G Hol(B, Q), <p(Q) = a, <p(\) = b} and that £ u (a, b) < k n (a, b). 

Using the same argument as in the proof of Remark 3.1.7 and Propo- 
sition 3.1.10 in [5], it is easy to see that 

Lemma 3.1. Let Q = Q H (X). Then £ n ((z, 0), {z, w)) < p(0, H(z, w)) 
for any (z, w) G £1, where p is the Poincare distance. Equality holds if 
H G PSH(X x C m ). 

Proof of Theorem 12.11 

(=>■) Suppose Qh(X) is hyperbolic. Since X is isomorphic to a closed 
complex subspace of Qh(X), we deduce that X is hyperbolic. Next, 
we will show that H verifies the property ([1]). Otherwise, there would 
exist {z k } k >i C X \ S with lim z k = z G X \ S, {w k } k >i C C m 

k— >oo 

with lim w k = wq ^ such that lim H(z k ,w k ) = 0. Without loss of 

generality, we may assume that (z k ,w k ) G Qh{X). Then by Lemma 
13.11 we have 

< fcn((zfc,0), (z k ,w k )) < p(0,H(z k ,w k )),Vk > 1. 

By letting k go to oo, we find that kn((zo,0), (zq,Wq)) = 0. This con- 
tradicts the hyperbolicity modulo S of f2#(X). 

(<=) To prove the converse, we consider the projection 7r : Q H (X) — > 
X given by tt(z,w) = z. Let U be a compact neighbourhood of z in 
X \ S. Then U Vt H {z) is a bounded set in C m , where £Ih(z) '■= {w G 

C m : H(z,w) < 1}. 

In fact, suppose that this property does not hold. Then 3{z k } k >i C 
U, {w k } k >i C C m such that lim \\w k \\ = oo and H(z k ,w k ) < 1. Put 

w k := r fc -u fc with = l,Wk > 1; then |r fc | — > oo as — > oo. Passing to 
a subsequence, we may assume that z k —> z and u k — )■ m 7^ as k — > 
00. Since H (z k , w k ) = \r k \H(z k ,u k ) < 1, we have limsup H(z k , u k ) = 0. 

This contradicts the property ([!]). So, there exists R > such that 
7r _1 (Z7) CUx U Q H {z) C UxB{0,R). Therefore, 7r _1 (Z7) is hyperbolic 

z£U 

too. By Eastwood's theorem [3] we conclude the proof. □ 
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4. Tautness 

Proof of Theorem l2~3l 

Proof of (i). 

Since X is isomorphic to a closed complex subspace of Qh{X), we 
deduce that X is taut modulo S. We now show that H is continuous 
on X \ S x C m . Otherwise, there would exist r > 0, {(zk, w k )} k >i C 
I\5xC m such that 

{(z k ,w k )} ->■ (z ,wo),2o e and H(z k ,w k ) < r < H(z ,w ),Vk > I. 

For each k > 1, we define the holomorphic mapping : D — ?• f2#(X) 

given by / fc (A) = (z k , — -). It is clear that f k (0) = (z k ,0) -)> (^o, 0) G 

r 

Qh{X)\S. Since is taut modulo S, by passing to a subsequence 

if necessary, we may assume that f k converges locally uniformly on D 
to a holomorphic mapping / G HoI(TB),Qh(X)). It is easy to see that 

/(A) = Oo, — -). Hence 

r 

^H(z , w ) = H(zo, ^) < 1, VA G D. 
r 

This implies that H(z ,wq) < ■— -r,VA G D, and hence H(zo,wo) < r. 

This is a contradiction. 

It remains to show that log H is plurisubharmonic. 

According to the theorem of Fornaess and Narasimhan [4] , it suffices 
to show that u{z) := logH o g(z) = log H (gi(z), g 2 (z)) is subharmonic 
for every g = (g u g 2 ) G #o/(©, X\Sx C m ) nC(B, X\S x C m ). Suppose 
the contrary. Then Ebo G D, r > such that D(za,r) C D and a 
harmonic function such that h(z) > 14(2:) for any 2 = z + rel6 \ V# G R, 
but u(£o) > h(z ). Let ft, denote a harmonic conjugate to /i. 

We have u(z) - h{z) = log H (g^z) , e- h ^- fh ^ g 2 (z)) < 0,Vz = 
zo + re %e and ^(zo) — h(z ) = e > 0. 

For any n > 1, we set (f n (X) := (g\(z), e - h (^)~M^)-£o~^ g 2 [z) J , where 

* G D(z ,r). Then y? n G Hol(D(z Q ,r),tt H (X)) n tf(D(zb, r), 
U^ =1 (^ n (9Z)(zo, r )) <s £ltfP0, and <^ n (0) tend to a boundary point. 
This contradicts the tautness of f2#(X). 

Proof of (ii). By the removable singularity theorem for plurisubhar- 
monic functions [HI Theorem 2.9.22] since logH is locally bounded 
above in X x C m and plurishubharmonic in X \ S x C m , it can be 
extended across S to a function log if G PSH(X x C m ) given, for 
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{z ,w ) G S, by 

\ogH(z Q ,w ) :— limsup H(z,w). 

(z,w)— >(zo,wo),(z,w)£S 

We claim that H = H. Since H is upper semi continuous on A x 
C m , this conclusion can only fail if there exists (zq,wq) G S such that 
H(z ,w ) > Kmsup {ZiW) ^ {z0jWo)i{z>w) gsH(z,w). Since A is a manifold, 
we can go to a coordinate patch and find an analytic disk / such that 
/(0) = (z ,w ), /(D) <f- S. Then f~ l (S) must be a discrete subset 
of D, and reducing the disk we may assume that / _1 (S') = {0} and 
sup 0< |£| H(f(Q) = H(z ,Wo) — 5, 5 > 0. The proof then proceeds 
essentially as above. We have a contradiction. 

Proof of (Hi). Assume that X is taut modulo S and log H is continuous 
on X \ S x C m , and plurisubharmonic on X x C m . We now show that 
fi#(A) is taut modulo S. 

Consider the projection n : fl H (X) — >■ X defined by 7r(x, 2) = 2. We 
now prove, for each x G X\S, that there exists an open neighbourhood 
U of x in X\S such that 7r _1 (f7) is taut. Indeed, choose a hyperconvex 
neighbourhood U of x in X \ S. It is easy to see that 7r _1 (?7) = 
{(u,z) e U x C m : H(z,w) < 1} = f2 H (^)- Suppose that p is a 
negative plurisubharmonic exhaustion function of U. Then (u, z) i-> 
max(p(«), log if (m, z)) is also a negative plurisubharmonic exhaustion 
function of VLh(U). Thus, Vtji(U) is hyperconvex. By a Theorem of 
Sibony [9] and [TT], Qh{U) is taut. Thus, 7r _1 (?7) is taut. 

Assume that a sequence C HoI(B,Q,h(X)) is not compactly 

divergent modulo S in Hol(B>, Qh(X)). From now on, denote A : = 

n H (x) \ s. 

Without loss of generality, we may assume that there exist a compact 
set K C © and a compact set L C A such that f n (K) fl L 7^ for 
n > 1. For each n. > 1, there exists z n G A C D such that f n (z n ) G L. 
Since A and L are compact sets, by taking subsequences if necessary, 
we may assume that {z n } C A C D such that z n — > z^ G K C D and 
fn(z n ) — )• p G L C A. It is easy to see that {/ n := 7r o /„} c Hol(D, A) 
is not compactly divergent modulo S in Hol(JB>, A). Since A is taut 
modulo S 1 , we may assume that {f n } converges uniformly to a mapping 
F G Hol(B,X). Obviously, ir(f n (z n )) ->■ 7r(p) and 7r(/ n (-Zn)) = 7r o 
fn(z n ) = fn(z n ) A(zoo) as n — > oo. Therefore, we can let p = 7r(p) = 

A(Zoo). 

Since p E X, p = 7t(p) ^ S. Then there exists an open neigh- 
bourhood U of p in A \ 5 such that 7r _1 (£7) is taut. Taking an open 
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neighbourhood V <s F 1 {U) of z^ in D \ F 1 {S) and since the se- 
quence {/„} converges uniformly to a mapping F, we may assume that 
f n (V) C U. This implies that f n (V) C 7r _1 (Z7) for every n > 1. 

Consider the compact subsets K = {z n ,n G Z + } U {z^} C D and 
^ — {/rt(^n)}U{p} C X. Then f n (K)r\L ^ for all n, and hence the se- 
quence {/n| y } is not compactly divergent modulo S in Hoi (3, £Ih(X)). 
Since 7r _1 ([/) is taut and f n (V) C 7r _1 (i7), it implies that {/ n | y } con- 
verges uniformly to a mapping F in Hol(V, it~ l {U)). 

Consider the family T of all pairs (W, <£>), where W is an open set 
in ID) \ F -1 ^) and $ G ifo/(W,X) such that there exists a subse- 
quence {/nfcl^} of {/nj^} which converges uniformly to mapping $ in 
Hol(W,X). 

According to the proof above, we have r ^ 0. We now consider the 
following order relation in the family T: (Wi, $i) < (W2, $2) if 

i) Wi C W 2 and 

ii) for any subsequence {/n fc | Wl } °f {/n| Wl } that converges uniformly 
to mapping $1 in Hol(Wi, X), there exists a subsequence {f nk } of 
{fn k } such that the sequence {f nk[ \ W2 } converges uniformly to mapping 

$ 2 in Hol(W 2 ,X). 

Assume that {(W Q , $ a )} ae A is a well-ordered subset of T. Put W = 
|J W a and define a mapping $ G i?oZ(W , ^h(X) \ S) given by 

aeA 

$oL, = for each aGA. 

Take a sequence {(Wj, C {(W a , & a )} a eA such that 

00 

{W u $1) < (W 2 , $ 2 ) < • • • and W = |J Wi. 

i=l 

By the definition of T, there exists a subsequence of {/n^ } 

such that {f 1 I ^ } converges uniformly to the mapping $1 in Hol(Wi, X) 
By the definition of the order relation on T, there exists a subsequence 
{fn} of {fn} which converges uniformly to $2 m Hol(W2,X). 

By continuing this process, we get the sequence {f%} such that 
{fn} C {f^ 1 } f° r all A; > 2 and } converges uniformly to in 

Hol(Wk, X). Thus, a diagonal sequence {fj:} converges uniformly to 
$0 in Hol(W ,X). Hence (W , <E> ) G T and the subset {(W a ,$ a )} aeA 
of T has a supremum. 
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By the Zorn lemma, there exists a maximal element (W, $) of the 
family T. Assume that {/n fc |jy} is a subsequence of {/nl^} such that 
{/n fc | w } converges uniformly to $ in Hol(W, X). 

We now show that W = D \ F" 1 (S). Suppose that there exists 
Zq G W Pi (D \ F _1 (S')). Take an open neighbourhood C/ of -F^o) i n 
X \ S such that 7r _1 ([7) is taut. Since {/„} converges uniformly to a 
mapping F in Hol(D, X), there exists an open neighbourhood W^o of 
z inB\ F~ 1 (S) such that vr o / n (W / " ) C £/. Hence f n (W ) C Tr" 1 ^) 
for all n > 1. 

Fix zi G Wo H W. Then the sequence {/n fe (-2i)} is convergent. Since 
Hol(W , 7r _1 (C/)) is a normal family, {/^l^} converges uniformly to 

$o in Hol(W ,7r-\U)). Thus (W , $ ) e r.°It implies that W) C W. 
Hence W = B\F- 1 (S). 

Since F~ 1 (S) is an analytic subset in the open unit disc O, F~ 1 (S') is 
a discrete set and hence, F _1 (S') does not have any accumulation point 
in D. Therefore, for each z G F^ 1 (S), there exists a number < r < 1 
such that B(z,r) n F _1 (S') = {2;}. Without loss of generality, we may 
assume that D \ F~ 1 (S) = © \ {0} := D* and the sequence {f n \ m } 
converges uniformly to the map $ G Hol(W , X). 

We now rewrite functions f n and <3> as follows: f n (z) = (f n (z), g n (z)) 
for each z G D and = (F(z), G(^)) for each z G D*. Since 

the sequence {g n } converges uniformly on compact subsets of D* to 
G G Hol(3*, C m ), the maximum principle implies that it is a uniformly 
Cauchy sequence on compact subsets of O, and therefore converges 
uniformly on compact subsets of D to G G Hol(D,C m ). Denote by 
i = (F,G):i4lx C m . We now prove that $ G M(D, fi//(X)). 
Since $(©*) = $(©*) C ftjypO, it suffices to show that $(0) G n H (X). 

Indeed, since H is plurisubharmonic on X x C m , if 0$ is subharmonic 
on D, and since $(D*) C Q H (X), it is negative on W. So it is negative 
on D, i.e. $(D) C fij^X). Hence Sl H (X) is taut modulo S. □ 
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